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a b s t r a c t
In this Letter, the discrete nonlinear Schrödinger equation with a saturable nonlinearity is
investigated via the extended Jacobi elliptic function expansionmethod. As a consequence,
with the aid of symbolic computation, a variety of new envelope periodic wave solutions
are obtained in terms of Jacobi elliptic functions. In particular, the discrete dark soliton
solution is also given. We analyze the structures of some of the obtained solutions via the
figures.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Continuous nonlinear wave equations, in particular continuous soliton equations, play important roles in nonlinear
sciences [1,2]. Up to now, a variety of discrete nonlinear wave equations, which are also called nonlinear differential-
difference equations or lattice equations, have been presented to describe some physical phenomena, for example, the
Toda lattice [3], the discrete nonlinear Schrödinger equation [4], the discrete KdV equation [5], the discrete sine–Gordon
equation [6], the discrete mKdV equation [7], the discrete nonlinear self-dual network equation [4], etc.
The discrete nonlinear Schrödinger equation with a saturable nonlinearity, given by
i
∂Ψn
∂t
+ (Ψn+1 + Ψn−1 − 2Ψn)+ ν|Ψn|
2
1+ µ|Ψn|2Ψn = 0, (1)
describes optical pulse propagation in various doped fibres [8,9]; Ψn is the complex field amplitude at the nth site of the
lattice, and the real parameters ν and µ account for the nonlinearities. Eq. (1) conserves the Hamiltonian [10]
H =
N∑
n=1
[
|Ψn − Ψn+1|2 − ν
µ
|Ψn|2 + ν
µ2
ln(1+ µ|Ψn|2)
]
. (2)
Recently, Khare et al. [10] gave two different standing-wave-like solutions of (1) via the Jacobi elliptic functions dnξ and
cnξ in the forms
Ψ1 = 1√
µ
sn(β,m)
cn(β,m)
dn([n+ c]β,m) e−i(ωt+δ), 2µ
ν
= cn
2(β,m)
sn(β,m)
, ω = 2
(
1− ν
2µ
)
(3)
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and
Ψ2 =
√
m
µ
sn(β,m)
dn(β,m)
cn([n+ c]β,m)e−i(ωt+δ), 2µ
ν
= dn
2(β,m)
cn(β,m)
, ω = 2
(
1− ν
2µ
)
. (4)
A natural question is whether there exist other types of envelope solution for Eq. (1). Recently, we have presented some
constructive algorithms to investigate doubly-periodic wave solutions of both continuous and discrete nonlinear wave
equations [11]. We have presented the extended Jacobi elliptic function expansion method [12], but this method was only
used to seek exact solutions of the continuous nonlinear wave equation. Moreover, we analyze the structures of some of the
obtained solutions via the figures.
In this Letter, we will consider the discrete nonlinear Schrödinger equation with a saturable nonlinearity (1) using our
extended Jacobi elliptic function expansion method. As a result, a variety of envelope periodic wave solutions are obtained
for Eq. (1).
2. Envelope periodic solutions
In the following, we consider solutions of Eq. (1) using the extended Jacobi elliptic function expansion method [12]. We
first make the following transformation:
Ψn = ψn(ξn) exp[−i(σ t + ρ)], ξn = αn+ β, (5)
where α and σ are real parameters to be determined, and ρ and β are arbitrary real constants. The substitution of (5) into
(1) reduces nonlinear differential-difference equation (1) to a nonlinear difference equation:
(σ − 2)ψn(ξn)+ ψn+1(ξn+1)+ ψn−1(ξn−1)+ νψ
3
n (ξn)
1+ µψ2n (ξn)
= 0. (6)
In the following, we will use the some transformations [12] to consider nonlinear difference equation (6).
Case 1. We assume that (6) has the solution
ψn(ξn) = A0 + A sn(ξn,m)+ B dn(ξn,m). (7)
It follows from (7) that
ψn±1(ξn±1) = A0 + A sn(ξn±1,m)+ B dn(ξn±1,m)
= A0 + A sn(ξn +±α,m)+ B dn(ξn ± α,m)
= A0 + A sn(ξn,m)cn(α,m)dn(α,m)± sn(α,m)cn(ξn,m)dn(ξn,m)1−m2sn2(ξn,m)sn2(α,m)
+ Bdn(ξn,m)dn(α,m)∓m
2sn(ξn,m)cn(ξn,m)sn(α,m)cn(α,m)
1−m2sn2(ξn,m)sn2(α,m) . (8)
With the aid of symbolic computation, we substitute (7) into (6) along with (8) and obtain a polynomial in these terms:
sni(ξn,m)cnj(ξn,m)dnk(ξn,m) (i = 0, 1, 2, . . . ; j, k = 0, 1). Setting their coefficients to zero yields a set of algebraic
equations. Solving the set of equations can determine these parameters. Therefore we have the envelope periodic solution
of (1).
(I) In the case A0 = B = 0, we have
Ψn = msn(α,m)√−µ sn[(αn+ β),m] exp[−i(σ t + ρ)], (9)
where the parameters satisfy µ < 0, ν = 2µ cn(α,m) dn(α,m) and σ = 2 − ν
µ
. Note that, in the limit m → 1, we have
the dark soliton solution,
Ψn = tanh(α)√−µ tanh[(αn+ β)] exp[−i(σ t + ρ)]. (10)
Fig. 1 displays the profile of the modulus |Ψn| of the solution (9) for different Jacobian elliptic function modulus m =
0.25, 0.5, 0.75 for the parameters α = 1/6, β = 1, µ = −1. Fig. 2 displays the structure of the modulus |Ψn| of the
dark soliton solution (10) for the different parameters α = 16 , 14 , 18 , β = 1, µ = −1
(II) In the case A0 = A = 0, we obtain the known solution (3) again.
Case 2. We have the envelope sd-wave solution
Ψn =
√
1−m2
µm2
sn(α,m)
dn(α,m)
sd[(αn+ β),m] exp[−i(σ t + ρ)], (11)
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Fig. 1. Profile of solution (9).
Fig. 2. Profile of solution (10).
where the parameters satisfy
µ > 0, ν = 2µ cn(α,m)
dn2(α,m)
, σ = 2− ν
µ
.
Case 3. We have the envelope sc-wave solution
Ψn =
√
1−m2
−µ
sn(α,m)
cn(α,m)
sc[(αn+ β),m] exp[−i(σ t + ρ)], (12)
where the parameters satisfy
µ < 0, ν = 2µ dn(α,m)
cn2(α,m)
, σ = 2− ν
µ
.
Note that, in the limitm→ 0, we have the envelope trigonometric function solution
Ψn =
√
1−m2
−µ tanh(α) tan(αn+ β) exp[−i(σ t + ρ)].
Case 4. We have the envelope ds-wave solution
Ψn = 1√−µ
sn(α,m)
dn(α,m)
ds[(αn+ β),m] exp[−i(σ t + ρ)], (13)
where
µ < 0, ν = 2µ cn(α,m)
dn2(α,m)
, σ = 2− ν
µ
.
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Note that, in the limitm→ 1, we have the singular envelope solitary wave solution
Ψn = 1√−µ sinh(α) csch(αn+ β) exp[−i(σ t + ρ)].
Case 5. We have the envelope cs-wave solution
Ψn =
√
1
−µ
sn(α,m)
cn(α,m)
cs[(αn+ β),m] exp[−i(σ t + ρ)], (14)
where the parameters satisfy
µ < 0, ν = 2µ dn(α,m)
cn2(α,m)
, σ = 2− ν
µ
.
Note that, in the limitm→ 1, we have the singular envelope solitary wave solution
Ψn = 1√−µ sinh(α) csch(αn+ β) exp[−i(σ t + ρ)].
Case 6. We have the envelope nd-wave solution
Ψn =
√
1−m2
µ
sn(α,m)
cn(α,m)
nd[(αn+ β),m] exp[−i(σ t + ρ)], (15)
where the parameters are given by
µ > 0, ν = 2µ dn(α,m)
cn2(α,m)
, σ = 2− ν
µ
.
Case 7. We have the envelope nc-wave solution
Ψn =
√
1−m2
−µ
sn(α,m)
dn(α,m)
nc[(αn+ β),m] exp[−i(σ t + ρ)], (16)
where the parameters satisfy
µ < 0, ν = 2µ cn(α,m)
dn2(α,m)
, σ = 2− ν
µ
.
Note that, in the limitm→ 0, we have the envelope trigonometric function solution
Ψn = 1√−µ sin(α) sec(αn+ β) exp[−i(σ t + ρ)].
Case 8. We have the envelope ns-wave solution
Ψn = sn(α,m)√−µ ns[(αn+ β),m] exp[−i(σ t + ρ)], (17)
where the parameters satisfy
µ < 0, ν = 2µ cn(α,m) dn(α,m), σ = 2− ν
µ
.
Note that, in the limitm→ 1, we have the singular envelope solitary wave solution
Ψn = 1√−µ tanh(α) coth(αn+ β) exp[−i(σ t + ρ)].
Case 9. We have the envelope cd-wave solution
Ψn = msn(α,m)√−µ cd[(αn+ β),m] exp[−i(σ t + ρ)], (18)
where the parameters satisfy
µ < 0, ν = 2µ cn(α,m) dn(α,m), σ = 2− ν
µ
.
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Case 10. We have the envelope dc-wave solution
Ψn = sn(α,m)√−µ dc[(αn+ β),m] exp[−i(σ t + ρ)], (19)
where the parameters satisfy
µ < 0, ν = 2µ cn(α,m) dn(α,m), σ = 2− ν
µ
.
In addition, we can also obtain other types of solution of (1) using other transformations, which will be considered in the
future.
3. Conclusion
In summary, we have obtained a variety of envelope periodic wave solutions of the discrete nonlinear Schrödinger
equation with a saturable nonlinearity (1) using the extended Jacobi elliptic function expansionmethod. In particular, some
dark soliton, envelope solitary wave solutions and trigonometric function solutions are also given. These solutions may be
useful to further understand the discrete nonlinear Schrödinger equation with a saturable nonlinearity (1).
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